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Using concomitantly the Generalized Second Law of black hole thermodynamics and the holo-
graphic Bekenstein entropy bound embellished by Loop Quantum Gravity corrections to quantum
black hole entropy, we show that the boundary cross-sectional area of the post-merger remnant
formed from the compact binary merger in gravitational wave detection experiments like GW150914,
is bounded from below. This lower bound is more general than the bound from application of Hawk-
ing’s classical area theorem for black holes, since it does not depend on whether the inspiralling
compact binary pair or the postmerger remnant consists of black holes or other exotic compact
objects.
Introduction : Gravitational wave signals have so far been
observed by the LIGO and the LIGO-VIRGO collabo-
rations, from inspiralling coalescence of compact bina-
ries [1]-[5], with a recent report of a possible black hole-
neutron star merger [6]-[7]. A consensus view regarding
the earliest observation - GW150914 - of gravitational
wave radiation is that it is a consequence of a coales-
cence of an inspiralling black hole binary system, with
the black holes being Kerr black holes with their mass
in the 30M range, and Kerr parameter in the 0.6− 0.8
range. There is debate in the literature that the inspi-
ralling binary system as well as the post-merger remnant
may not consist of black holes, since accretion disc obser-
vations of xray emission from binary black hole systems
with normal stars have never revealed any stellar black
hole as massive as the ones reported in GW150914. Bo-
son stars, gravastars and wormholes have been cited as
possible alternatives, categorized collectively as Exotic
Compact Objects [8]-[9]. If such compact gravitating ob-
jects accrete material from stellar matter and interstellar
dust in their vicinity, then, it has been argued in ref.[10],
using Thorne’s Hoop conjecture [11], that such exotic
compact configurations become gravitationally unstable,
collapsing to a black hole. This conclusion apparently
depends on certain assumed details of the accretion pro-
cess.
Now, for GW150914, it is not known if the inspiralling
binary system actually accretes at all, so that the gravita-
tional instability argument cited above, even if eminently
reasonable, may not apply immediately. Nevertheless, if
we do assume that the inspiralling system consists of bi-
nary black holes, then their merger to a black hole is
of course subject to Hawking’s Area Theorem: the sum
of the horizon areas of the inspiralling black holes must
be less than the horizon area of the post-merger black
hole remnant. The prediction of the theorem has been
shown [12], [13] to be borne out by the published data
on GW150914. However, this classical general relativis-
tic law has been superceded by Bekenstein’s Generalized
Second Law [14] for a universe with black holes, namely
that the entropy of the remnant and that of the gravi-
tational waves radiated by the inspiralling binary, must
together exceed the sum of the entropies of the two merg-
ing black holes. This law is not restricted to classical
general relativity, and is valid within any quantum grav-
ity framework which permits one to compute ab initio
the entropy of macroscopic black holes. The question
that comes to mind is : does the Generalized Second
Law make a stronger statement on the horizon area of
the remnant than the assertion of Hawking’s theorem ?
The answer is in the affirmative for a quantum gravity
framework like Loop Quantum Gravity [15] which indeed
permits an ab initio computation of the entropy of iso-
lated black holes [16], [17], [18]. Such a computation has
been shown to yield not only the Bekenstein-Hawking
area law for black hole entropy, but also an entire slew of
quantum geometry corrections starting with a term log-
arithmic in the Bekenstein-Hawking entropy [19] - [27]
whose coefficient has been argued to be of a ‘universal’
nature [25]. Even though this correction is small, its ef-
fect on the minimal cross-sectional area of the remnant
is of interest in this case.
A somewhat more general situation ensues, if the post-
merger remnant of the inspiralling black hole pair is not
necessarily a black hole. If no assumption is made on
the precise astrophysical nature of the remnant, with
simply the information that it must be a compact as-
trophysical object, we demonstrate in this Letter that
a constraint may still be derived on the cross-sectional
area of the boundary of the remnant. This constraint fol-
lows from the Bekenstein entropy bound [28] embellished
or tightened by quantum spacetime corrections alluded
to above [29]. According to the original version of the
bound, the entropy of the compact remnant is bounded
from above by the entropy of a black hole whose horizon
area is identical with the boundary cross-sectional area
of the remnant. This bound, in its turn, has been es-
tablished by Bekenstein in analogy with Thorne’s Hoop
conjecture [11]. The Hoop conjecture states that the cir-
cumference C of a hoop whose spherical surface of rev-
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2olution contains a gravitating mass M , is always larger
than a critical value CH = 4piGM/c
2 corresponding to
the critical spherical surface of revolution being the hori-
zon of a black hole of mass M . In a similar vein, if a
compact gravitating object does not initially obey the
Bekenstein entropy bound, adding energy to this object
adiabatically, without changing its boundary area, will
eventually turn it into a black hole with its horizon area
being equal to the boundary cross-sectional area. Since
adding energy also increases its entropy, the entropy of
the original compact object will be bounded above by
the entropy of a black hole with its horizon area being
equal to the boundary area of the compact object. The
nature of the LQG corrections to black hole entropy then
provides a tightening of the entropy bound for the rem-
nant. Further, the holographic character of the quantum-
corrected entropy bound has been emphasized in [29].
Our derivation of the bound on the area of the compact
remnant follows from concomitant application of the gen-
eralized second law and the quantum-corrected entropy
bound. As such this will entail an estimate of the en-
tropy of the radiated gravitational waves. This estimate
is made based on the assumption that gravitational waves
observed in the GW150914 experiment can be construed
as an ideal gas of massless spin 2 gravitons, analogous to
an ideal gas of photons. In other words, we ignore for
simplicity the scattering of gravitational waves enroute
to LIGO from the merger source.
According to the Generalized Second Law, if two black
holes bh1 and bh2, with horizon cross-sectional areas A1
and A2 respectively, merge into a compact object ECO
with emission of gravitational waves (GW), the entropies
of these configurations must obey the inequality
SECO + SGW > Sbh1(A1) + Sbh2(A2). (1)
The entropies of the two black holes obey the aug-
mented version of the Bekenstein-Hawking area law, with
augmentation due to corrections derived from quantum
spacetime fluctuations.
Quantum spacetime corrections to Bekenstein-Hawking
entropy : These corrections have been computed within
the Loop Quantum Gravity (LQG) formulation of quan-
tum isolated horizons [16] as generalization of event hori-
zons. In this formulation, the classical isolated horizon
is treated as a null inner boundary defined by bound-
ary conditions consistent with the Einstein equation. A
Hamiltonian formulation of general relativity with such
isolated horizons yields, when the local Lorentz boosts
are gauge fixed, a boundary symplectic structure on the
isolated horizon which coincides with that of an SU(2)
Chern-Simons theory, of the connection degrees of free-
dom on the horizon. Now, in the LQG formulation of
bulk general relativity, the kinematical description on a
spatial slice is given in terms of a spin network [15] whose
edges are the holonomies of the SU(2) connection on the
slice, and intertwinners at the vertices are represented
by invariant SU(2) tensors. When the bulk spacetime
has an isolated horizon as an inner boundary, the edges
of the bulk carrying spin puncture the horizon, deposit-
ing their spin at those punctures. So the Chern-Simons
degrees of freedom on the horizon interact with these
bulk spins as SU(2) point charges. The (kinematical)
LQG description of the horizon is then just this : an
SU(2) Chern-Simons theory coupled to pointlike SU(2)
charges as sources. The Chern-Simons coupling constant
k = A/APl, where APl is the Planck area. Thus, large,
macroscopic horizon areas correspond to weak coupling
of the Chern-Simons theory, permitting an exact count-
ing of the size of the Hilbert space of the theory in this
limit [17]. This is necessary for an ab initio computation
of the microcanonical entropy of the quantum isolated
horizon.
The dimensionality of the Hilbert space of the Chern-
Simons theory coupled to spins at punctures is itself re-
lated to the number of conformal blocks of the confor-
mally invariant SU(2)k Wess-Zumino-Witten model that
exists on a spatial foliation of the isolated horizon with
punctures at the location of the sources. For large k, this
number can be computed in terms of the spins [17] and
gives the result, for a spin configuration j1, ...jP
N (j1, ...jP ) =
P∏
i=1
ji∑
mi=−ji
[δ∑P
n=1mn,0
− 1
2
δ∑P
n=1mn,−1 −
1
2
δ∑P
n=1mn,1
]. (2)
The total number of states is given by
N =
∑
P
P∏
i=1
∑
ji
N (j1, ...jP ). (3)
Using the standard formula for Boltzmann entropy S =
logN , in the limit of large k = A/APl the following re-
sult is obtained for the microcaonical entropy of quantum
isolated horizons[19]-[27]
Sbh = SBH − 3
2
logSBH +O(S−1BH) , (4)
where, SBH ≡ A/4APl is the semiclassical Bekenstein-
Hawking area law. The holographic nature of the re-
sult depicted in (4) is quite apparent from the fact that
the entropy of the isolated horizon which generalizes the
event horizon of a four dimensional black hole, is even-
tually computed from the number of conformal blocks
of the two dimensional conformal field theory ‘living’ on
the 2-sphere obtained as a spatial foliation of the isolated
horizon.
Holographic Bekenstein Entropy Bound : As already
mentioned, the original Bekenstein entropy bound was
founded by analogy with the Hoop Conjecture. Since
addition of energy invariably increases the entropy from
a microcanonical standpoint for an isolated horizon, the
3entropy of a compact star is bounded from above by
the entropy of a black hole whose horizon area coincides
with the area of the boundary of the compact star. In
other words, SECO < Sbh(AE), where AE is the area
of the boundary of the Exotic Compact Object. Since
the entropy of a black hole (isolated horizon) is now not
just the Bekenstein-Hawking area expression, but the full
quantum-corrected entropy (4) for large macroscopic ar-
eas, computed holographically as explained earlier, we
obtain the holographic Bekenstein bound [29]
SECO < SBH(AE)− n
2
logSBH(AE) + · · · , (5)
where, n is an integer; n = 3 for non-rotating quantum
isolated horizons. For rotating isolated horizons, there
is some debate as to what precisely the correct coeffi-
cient of the logarithmic correction is, although there are
arguments to the effect that it should be the same as non-
rotating case. The inequality (5) turns the inequality (1)
into
Sbh(AE) + SGW > Sbh1(A1) + Sbh2(A2). (6)
This can be alternatively expressed as, using the
quantum-corrected black hole entropy, as
exp A¯E
A¯
n/2
E
>
exp(A¯1 + A¯2 − SGW )
(A¯1A¯2)n/2
, (7)
where, A¯ ≡ SBH(A) = A/4APl, with APl being the
Planck area .
The entropy bound (7) which holds for the compact
remnant in binary black hole mergers, regardless of its
actual astrophysical structure, can be solved to yield a
minimal cross-sectional area of the compact merger rem-
nant, given the measured horizon areas of the two inspi-
ralling black holes and the entropy of the emitted gravi-
tational waves.
Generalization to ECOs : Does a bound like that in
(6) generalize to the situation where, not only the post-
merger remnant but the inspiralling binary is also consti-
tuted by exotic compact objects which are not necessarily
black holes ? We think the answer is in the affirmative.
Lets us suppose that the inspiralling stars have entropies
SE1 and SE2. If they merge into the sort of compact
object considered above, one would expect the General-
ized Second Law and the Holographic entropy bound to
predict that
Sbh(AE) + SGW > SE1 + SE2 . (8)
On the other hand the Holographic bound would by itself
assert that SE1 < Sbh(AE1) , SE2 < Sbh(AE2), so that
SE1 + SE2 < Sbh(AE1) + Sbh(AE2) . (9)
The inequality (9) does not, of course, necessarily lead to
a bound like (6), i.e.,
Sbh(AE) + SGW > Sbh(AE1) + Sbh(AE2) . (10)
However, the likelihood of an actual violation of inequal-
ity (10) is physically negligible for all exotic compact
binaries, since that would imply that the gravitational
wave signal in interference experiments like GW150914
could never really come from a binary black hole merger.
We would therefore like to assert that the entropy bound
(7) holds, both for all possible compact binary mergers
including but not restricted to black holes, as also for
all possible compact post-merger remnants including but
not restricted to black holes. Thus, the bound is inde-
pendent of whether or not either the inspiralling binary
system or the post-merger remnant consist of black holes.
Since the gravitational wave entropy is a maximum
for the equilibrium thermodynamic situation, we shall
replace SGW in (7) by its equilibrium value S
EQ
GW , so that
the final formula reads,
exp A¯E
A¯
n/2
E
>
exp(A¯E1 + A¯E2 − SEQGW )
(A¯E1A¯E2)n/2
, (11)
Recall that the areas AE correspond to the cross-
sectional area of the compact object which is a compo-
nent of a binary inspiral, irrespective of whether these
are black holes, neutron stars, white dwarfs or exotic
compact objects like gravastars or boson stars. If RE
characterizes the average linear size of such an object,
and rSE its Schwarzschild radius, then one can define a
compactness ratio CE ≡ RE/rSE . This ratio is close to
unity for a black hole, is about O(10) for a neutron star,
O(103) for a white dwarf, and so on. It then follows that
AE(RE) = A(CErSE) = C
2
EAE(rSE) = C
2
EM
2
E (12)
where ME is the mass of the compact object, and the last
equality holds for very slowly-spinning compact objects.
This enables us to reexpress the inequality (11) as a lower
bound for the cross-sectional area of a compact remnant,
expressed in terms of the scaled areas (functions only of
the Schwarzschild radii) and compactness ratios of the
inspiralling binary as well as the post-merger remnant,
exp[C2EA¯E ]
(C2EA¯E)
n/2
>
exp[C2E1A¯E1 + C
2
E2A¯E2 − SEQGW ]
(C2E1A¯E1C
2
E2A¯E2)
n/2
(13)
In case the binary inspiral and the remnant are all spin-
ning very slowly, a simplified inequality emerges
exp[C2EM¯
2
E ]
(CEM¯E)n
>
exp[C2E1M
2
E1 + C
2
E2M
2
E2 − SEQGW ]
(CE1ME1CE2ME2)n
.(14)
For the case of GW150914, the minimal area inequality is
given by the lhs of (14) and the rhs of (13), since the data
points to a rather slowly moving post-merger remnant.
Gravitational Wave Entropy : To estimate the entropy
of a gravitational wave signal as observed for instance at
aLIGO for GW150914 or subsequent observations of bi-
nary compact mergers, we follow the statistical method
proposed by Ma [30]. In this approach, the entropy of
4a dynamical system is determined from the trajectory of
motion, i.e., certain general properties of the space of so-
lution configurations of the system. This solution space is
divided into groups Ωλ, where λ is a real positive number.
Each such group of the configuration space has a volume
Γλ. pλ is defined as the probability of occurrence of a tra-
jectory belonging to the group λ, given by the fraction of
the total time the system spends in this group. Given a
configuration belonging to the group, the probability of
finding a coincident configuration in the group λ is given
by Γ−1λ . The coincidence probability of occurrence of two
identical configurations in the same group is then given
by the ratio pλ/Γλ. The entropy is then defined [30] by
the average S =
∑
λ pλ log(Γλ/pλ) over all groups λ.
To transcribe this to the case of gravitational waves,
we can label gravitational wave configuration groups by
their Fourier modes characterized by the frequency ω.
We shall then define p(ω) as the probability of occur-
rence of a gravitational wave mode with frequency ω. In
terms of the intensities of the gravitational wave signal,
we can identify p(ω) with the ratio I(ω)/I0, where, I(ω)
is the spectral intensity of gravitational waves with fre-
quency ω, and I0 is the total integrated intensity. Let
Nt(ω) be the total number of gravitational wave modes
with frequency ω. One can then adapt the definition of
entropy given in ref. [30] for gravitational waves
SEQGW =
∫ ω2
ω1
dω
2pi
p(ω) log
[
Γ(ω)
p(ω)
]
(15)
Since the spectral distribution is continuous, the tran-
scription of ‘coincident configurations’ is not easy, as it is
in the discrete case. Instead, here we adopt the feature
of coherence to enable that aspect. Thus, we consider
gravitational wave mode pairs with the same frequency
ω which are coherent in the sense of wave optics. If Nc(ω)
is the number of such coherent gravitational wave mode
pairs, the fraction Nc(ω)/Nt(ω) must be the probability
that, given a mode with the frequency ω, there is another
mode with the same frequency which is coherent with it.
We can then identify Γ−1(ω) ≡ Nc(ω)/Nt(ω), so that the
gravitational wave analogue of the coincidence probabil-
ity is the quantity p(ω)Γ−1(ω) = Nc(ω)/N0. The number
N0 is proportional to the total integrated intensity. Eqn.
(15) can then be rewritten
SEQGW =
∫ ω2
ω1
dω
2pi
I(ω)
I0
log
[
N0
Nc(ω)
]
(16)
How do we estimate Nc(ω) ? As for electromagnetic
fields, the entropy is maximised when the coherence is
a minimum [31]. This implies that equilibrium ensues
when Nc(ω) << Nt(ω) << N0, i.e., Γ(ω)/p(ω) >>
1 ∀ ω ∈ [ω1, ω2]. A crude estimate of N0 is the ratio
of the total energy radiated EGW to the energy ~ω of a
graviton. If, as per the GW150914 datasheet, E is taken
to be about 3 M c2 ' 9 × 1053 ergs, and ω ≈ 150Hz,
then N0 ' 2.7×1077. Since the entropy is maximised for
the maximally incoherent gravitational wave signal, we
can take Nc(ω) ∼ 1 ∀ ω. With these approximations, a
rough estimate of the gravitational wave entropy can be
derived.
Results : For the GW150914 observation, if the binary
inspiral is assumed to consist of black holes with masses
of the order of 30 Modot, coalescing to form a merger rem-
nant of mass of about 60 Modot, the gravitational wave
radiated has an estimated energy of 3Mc2 at a peak
frequency of about 150 Hz, the entropy of the radiated
gravitational waves is O(50) in units of the Boltzmann
constant. Inserting this into the inequality (11) and solv-
ing it numerically, the minimal area of the compact rem-
nant can be determined. In Fig.1, the three dimensional
logarithmic plot shows the minimal area as a function of
the masses of the inspiral for fixed CE1 =! = CE2.
FIG. 1. log A˜E for fixed CE1 = CE2 = 1
If we fix the masses of the inspiral as well as the post-
coalescence remnant to be close to the aLIGO data, one
can plot the minimal value of the compactness ratio CE of
the remnant, as a function of those of the binary inspiral.
This is shown in Fig.2.
FIG. 2. Compactness ratio CE vs CE1 , CE2
5Alternatively, if the remnant CE is fixed, the minimal
mass of the remnant can also be determined from similar
plots.
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